The coefficients and delays in models describing various processes are usually obtained as a results of measurements and can be obtained only approximately. We deal with the question of how to estimate the influence of 'mistakes' in coefficients and delays on solutions' behavior of the delay differential neutral system
Introduction
In systems of differential equations, modeling real processes, the coefficients and delays are usually known only approximately. For example, models in economics are obtained as a result of corresponding long time observation and regression procedures (see, for example, [] ). The coefficients and delays in model describing various processes in physics are usually obtained as a results of measurements and also can be obtained only approximately [] . The same situation can be noted in models of population dynamics [] . A natural ©2014 Domoshnitsky et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.boundaryvalueproblems.com/content/2014/1/55 question is to estimate the influence of 'mistakes' in coefficients and delays on solutions' behavior of delay differential systems. This topic is known in the literature as uncertain systems or systems with interval defined coefficients.
Important applications present the main reason of attention of many authors to the topic. Systems with uncertain coefficients were considered in the papers [-] .
Stability of systems with uncertain coefficients was studied in the papers [-, -, -, ]. Stabilization of uncertain systems with unknown delay was studied in [, , ]. Stability of systems with uncertain delay is studied in [, , , ]. Stability of neutral uncertain systems was considered in [, , ]. The basic technique of these publications is the use of Lyapunov-Krasovskii functionals.
Consider the system of the neutral functional differential equations
with uncertain coefficients p ij (t) and delays τ ij (t) and the model system
where
We assume here that p ij , ) of the operator S i is less than  for i = , . . . , n. Our main purpose is to obtain conditions on the smallness of p ij (t) and τ ij (t) such that the exponential stability of () is inherited by (). Our second aim is to estimate the modulus of the difference of solutions to systems () and (). The studies of neutral functional differential equations have their own history. Equations in the form
were considered in the well-known books [, , ] (see also the bibliography therein), where existence and uniqueness of solutions and especially stability and oscillation results for these equations were obtained. There exist problems in applications whose models can be written in the form []
This equation is a particular case of (). Let us note here that the operator S i : L ∞ → L ∞ in () can be, for example, of the following forms:
where q j (t) are essentially bounded measurable functions, τ j (t) are measurable functions for j = , . . . , m, and k i (t, s) are summable with respect to s and measurable essentially bounded with respect to t for i = , . . . , n. All linear combinations of the operators () and () and their superpositions are also allowed. The study of the neutral functional differential equations is essentially based on the questions of the action and estimates of the spectral radii of the operators in the spaces of discontinuous functions, for example, in the spaces of summable or essentially bounded functions. The operator () is a key object in this topic. Properties of this operator were studied, for example, in [, ] . In order to achieve the action of the operator () in the space of essentially bounded functions L ∞ , we have to assume that mes{t : g i (t) = c} =  for every constant c. Let us suppose everywhere below that this condition is fulfilled. It is known that the spectral radius of the integral operator (), considered on every finite interval t ∈ [, ω], is equal to  (see, for example, [] ) and the inequality
implies that the spectral radii of the integral operators S i defined on the semiaxis are less than . Concerning the operator (), we can note that the inequality
is a sufficient condition that the spectral radii ρ(S i ) of the operators S i is less than . Below we assume that this inequality is fulfilled.
Various results on existence and uniqueness of solutions to boundary value problems for () and its stability were obtained in [] , where also the basic results about the representation of solutions were presented. Note also in this connection the papers [-], where results on nonoscillation and positivity of Green's functions for neutral functional differential equations were obtained.
The goal of this paper is to obtain stability of uncertain systems and to estimate the difference between solutions of a 'real' system with uncertain coefficients and/or delays and corresponding 'model' system with fixed coefficients and delays. Instead of the traditional Lyapunov functionals technique, we propose an approach based on the idea of Azbelev's W -transform presented in the book [] . This transform is a corresponding right regularization allowing researchers to reduce the analysis of boundary value problems to the study http://www.boundaryvalueproblems.com/content/2014/1/55 of systems of functional equations in the space of measurable essentially bounded functions. In corresponding cases estimates of norms of auxiliary linear operators (obtained as a result of W -transform) lead researchers to conclusions about existence, uniqueness, positivity and stability of solutions of given boundary value problems. This method works efficiently in the case when a 'model' used in W -transform is 'close' to a given 'real' uncertain system. In this paper we choose as a 'model' , system for which we know solutions or estimates of the resolvent (Green's) operators. In this paper we demonstrate that systems with positive Cauchy operators [, ] represent a class of very convenient 'models' .
It should be noted that, although results are below formulated for the systems with neutral terms in the form (), we can, using the approach of the papers [, ], obtain corresponding results with linear combinations and superpositions of the operators defined by () and ().
Stability and estimation of solution of neutral systems with uncertain coefficients
Consider two systems
where It is known [] that the general solution of () has the representation
,j= is the Cauchy matrix of system () and W  (t, ) = {W  ij (t, )} is the fundamental matrix of system () satisfying the condition W  (, ) = I.
Substituting representation () into (), we get
where σ (t, s) = , t ≥ s, , t < s and W jk (ξ , s) =  if ξ < s. We can write () in the vector form
where the operator :
∞ is the space of n vector-functions with measurable essentially bounded components) is defined as follows:
and
Estimating the norm of the operator :
Estimates of esssup t≥ t  |W ij (t, s)| ds is the key problem in our approach. Now describe the cases in which the Cauchy matrix W (t, s) and the fundamental matrix W  (t, ) of system () can be estimated. Let us prove several assertions for the neutral system
. , n, then all elements W ij (t, s) of the Cauchy matrix and all elements W
 ij (t, ) of the fundamental matrix of system () are nonnegative.
Proof According to the result of [], the conditions of Theorem  imply the positivity of the Cauchy functions and fundamental solutions of the diagonal equations
Let us consider the system of diagonal equations denoting by X(t, s) = {X ij (t, s)} n i,j= its Cauchy and X  (t, ) = {X  ij (t, )} n i,j= fundamental matrices, respectively. These matrices are http://www.boundaryvalueproblems.com/content/2014/1/55 the diagonal ones, i.e. X ij (t, s) ≡  and X  ij (t, ) ≡  for j = i, i, j = , . . . , n, and the elements X ii (t, s) and X  ii (t, ) coincide with the Cauchy functions and the fundamental solutions of the scalar diagonal equations, respectively. We can write the system
which is equivalent to system (). On every finite interval [, ω] the spectral radius of the integral operator
we can write () as x(t) = ((I -K) - φ)(t) = φ(t) + (Kφ)(t) + (K  φ)(t) + · · · and consequently every component of solution vector x(t) = col{x  (t), . . . , x n (t)} are nonnegative for nonnegative vectors f = col{f  , . . . , f n } and x() = col{x  (), . . . , x n ()}. As ω tends to infinity we complete the proof of Theorem .
Definition  The Cauchy matrix W (t, s) of system () and its fundamental matrix W  (t, s) satisfies the exponential estimates, if there exist real numbers N, α >  such that
Theorem  Let the conditions of Theorem  be fulfilled for system () and there exist y ij ≥  for i, j = , . . . , n, such that n j= y ij > , and the system of inequalities 
, and consider system () on [-H, ∞), calling it the extent system. The constant vector-function Y j (t) ≡ {y ij } n i= satisfies the inequality x i (t) -
. . , n. All entries of the Cauchy matrix of the extent system are nonnegative according to Theorem . The Cauchy matrices of system () and the extent system coincide in  ≤ s ≤ t < ∞. Using nonnegativity of all entries of the Cauchy matrix W (t, s) of system () we get the inequalities Analogously we can obtain the following assertion.
Theorem  Let the conditions of Theorem  be fulfilled for system (), let there exist a vector γ = col{γ  , . . . , γ n } such that γ i >  for i = , . . . , n, and 
are positive.
Proof Sufficiency follows from Theorem . To prove necessity we extend the coefficients and delays in system () on the interval [-H, ), where
The constant vector-function γ = col{γ  , . . . , γ n } is now the solution of the system 
All elements W ij (t, s) of the Cauchy matrix of system () are nonnegative. From the fact that W  ij (t, ) satisfies the exponential estimate we obtain γ i >  for i = , . . . , n.
Remark  Under the conditions of Theorem , the equalities
are true.
Theorem  Let q i ≥ , the inequality () be fulfilled and let there exist a vector γ = col{γ  , . . . , γ n } with all positive components such that 
We can write the equivalent integral system
The operator
where 
is bounded for every bounded right hand sides f (t) = col{f  (t), . . for sufficiently large t.
In order to prove Theorem  we can note that in the case <  we get z ≤  -f . A reference to () completes the proof.
Stability and estimation of solution of neutral systems with uncertain delays
Consider the system x i (t) -q i (t)x i g i (t) + n j= p ij (t)x j t -θ ij (t) = f i (t).
() 
